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The nonlinear behauior of the heat-integrated plug-flow reactor, consisting of a feed- 
efluent heat exchanger (FEHE), furnace, adiabatic tubular reactor, and steam genera- 
tor is studied, considering a first-order, irreuersible, exothermic, adiabatic reaction. 
Bifurcation theory is used to analyze the relationships among design, reaction thermody- 
namics and kinetics, and state multiplicity and stability. Hysteresis, isola and boundary- 
limit uarieties are computed, and the influence of the actiuation energy, reaction heat 
arid FEHE eflciency on the multiplicity region is studied. The double-Hopf and dou- 
ble-zero bifurcation points diuide parameter space in regions with different dynamic 
behavior. State multiplicity, isolated branches, and oscillatory behauior may occur for 
realistic uulues of model parameters. A design procedure is proposed to ensure a desired 
multiplicity pattern and a stable point of operation and to auoid high sensitiuity. The 
procedure was applied to three reaction systems with different kinetic and thermody- 
numic characteristics. 

Introduction 

In the autothermal PFR, hcat exchange between the efflu- 
ent and rhc t e d  stream is used to preheat the feed. Appar- 
ently. for an cxothermic, adiabatic reaction there is no need 
of an additional heat source. However, there are several rea- 
sons to include a heater (normally a furnace) and a cooler 
(normally ii stcam generator) in the system: 

I .  A heater (furnace) is always rcquired for startup. It may 
bc: placed upstream or downstream of the feed-effluent heat 
exchanger (FISHE). It is favorable to place the FEHE before 
the furnacc. ;IS it will work at lower temperatures. Steam can 
bc used t o  gcncrate power and/or be exported to drive sepa- 
ration units. This site integration solution is more efficient 
than proccss- process heat integration, as proposed by Dou- 

2. Often a purge stream is available as fuel for the fur- 
nace. Consequently, a steam generator has to remove the heat 
cxccss. Placing the steam generator before the FEHE allows 
heat recovcry at higher temperature and i s  therefore prefer- 
able in view of cxergetic considerations. 

3. In the autothermal PFR, multiple steady states may ex- 
ist. Opcration in thc multiplicity region may be desirable or 

glas ( 1988). 
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unavoidable. The classic analysis of Van Heerden (1958) 
shows that the middle steady state is unstable. Some states 
may also lose stability due to Hopf bifurcation and the system 
may exhibit oscillatory behavior. In such cases, stable opera- 
tion is possible only if a control system is in place. If the 
furnace and steam generator are included, their duties are 
available as manipulated variables in temperature control 

The inclusion of furnace and steam generator leads to the 
structure presented in Figure 1. This structure will be called 
heat-integrated PFR. It should be pointed out that other se- 
ries of circumstances could easily lead to other equipment 
arrangements. 

Typical initial design data of the heat-integrated PFR are 
reactor type (empty tube or packed bed); feed flow rate; re- 
actor inlet temperature; and required conversion. Reaction 
kinetics and thermodynamics are also known. These data are 
enough for one to design the reactor. Next, the designer has 
to size the furnace, steam generator, and FEHE. This can be 
done by optimizing some steady-state related economic crite- 
ria and/or considering the plantwide energy balance. 

However, the operating conditions may be different. There 
is always uncertainty of the kinetic parameters. Feed flow rate 
or concentration may deviate from the design values. Dis- 
turbances in feed temperature, furnace, and steam-generator 

loops. 
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Figure 1. Heat integrated PFR. 

duties are unavoidable. Heat-exchange efficiency may change 
due to fouling. Therefore, the operating point may become 
unstable and/or sustained oscillations may occur. Also, the 
system may exhibit high sensitivity, which renders control dif- 
ficult. Consequently, the design must also be assessed with 
regard to steady-state multiplicity, stability, and sensitivity is- 
sues. 

Many articles on the nonlinear behavior of reacting sys- 
tems have been published. The first-order reaction in CSTR, 
axial-dispersion tubular reactor, or catalyst particle are clas- 
sic problems in chemical-reaction engineering. Only a few 
articles, however, are dedicated to heat-integrated chemical 
reactors. Lovo and Balakotaiah (1992) computed the unique- 
ness-multiplicity boundary of the tubular reactor with inter- 
nal or external heat exchange and CSTR with external heat 
exchange. For limiting cases, they presented analytical ex- 
pressions of the ignition, extinction, and cusp points. Subra- 
manian and Balakotaiah (1996) classified the steady state and 
dynamic behavior of several distributed reactor models. in- 
cluding the CSTR with external heat exchange and the tubu- 
lar reactor with internal heat exchange. 

Although singularity theory (Balakotaiah and Luss, 1982, 
1984; Golubitsky and Schaeffer, 1985) and bifurcation theory 
(Iooss and Joseph, 1981; Scott, 1993) are proven tools, few 
applications to design are reported. Heismolf and Fortuin 
(1 997) presented an application-oriented design procedure for 
unique and stable operation of first-order reaction systems in 
a CSTR. Morud and Skogestad (1998) discussed the dynam- 
ics of an industrial (multibed) ammonia reactor, where posi- 
tive feedback due to heat integration lead to oscillatory 
behavior. They showed that instability occurs at a Hopf bifur- 
cation point. Silverstein and Shinnar (1982) evaluated the 
stability of the heat-integrated PFR using the frequency re- 
sponse of individual equipment components. They did not, 
however, address the relationship between reaction kinetics 
and thermodynamics and state multiplicity and stability. 

The goal of this work is to study the steady-state and dy- 
namic behavior of the heat-integrated PFR. We consider a 
first-order, irreversible, exothermic reaction, and adiabatic 
reactor operation. We concentrate on the relationship be- 
tween reaction kinetics and thermodynamics, equipment de- 
sign, and state multiplicity and stability. To achieve this goal, 
we use elements of bifurcation theory. Moreover. we show 
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how the results can be applied during the design. in  order to 
ensure a desired multiplicity pattern, ;I stable operating point, 
and to avoid high sensitivity. In the next section, we present 
the heat-integraled PFR model equations and the types of 
bifurcation of intercst. Afterwards, we classify the steady-state 
and dynamic behavior by computing the hysteresis, isoh, 
boundary-limit. double-zero and double-Hopf varieties. State 
multiplicity, isolated branches. and oscillatory hehavior arc 
possible for realistic values of model parameters. We invcsti- 
gate the influence of reaction kinetics and thermodynamics 
and FEHE cfficiency o n  the extent of multiplicity rcgion. 
Subsequently, we discuss how the results can be used to avoid 
operational problems and propose ;I design procedure. Three 
rcaction systems with different kinetic and thermodynamic 
characteristics are used as examples. The main ideas arc re- 
viewed in the last section. Details of the computation of the 
bifurcation points arc given in the Appendix. 

Mathematical Model 
The dynamics of equipment in the heat-integrated PFR may 

be described by plug-flow, pseudohomogeneous modcls. The 
dimensionless equations are given below: 

FEHE (tube and shell side): 

do, JH, 

d T  .15 
M,- = - - + NTU.(  0, - 0 , )  

( l a )  

Furnace: 

Reactor: 

Steam gcnerator: 

with the boundary conditions: 
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The model variables are dimensionless temperatures in the 
shell and tube side of the FEHE (Oh,  0,), furnace ( O j 1 ) ,  reac- 
tor ( O ! . i .  steam generator ( O , ) ,  and conversion ( X I .  The di- 
mensionless parameters represent reactor residence time 
( D u ) ,  FEHE area (NTU), activation energy ( y ) ,  adiabatic 
teniperaturc rise ( B ) ,  furnace and steam generator duties (Q,, 
&). feed temperature (Q,)), residence time ratios (MI? ,  Mc$  
M , ,  M, i ,  and heat capacity ratio (Le) .  

The choice of reference temperature 7 deserves a special 
discussion. Most of the previous studies considered the 
Danikohler number ( D a ) ,  as a bifurcation parameter, and in- 
vestigated the effect of feed flow-rate change. However, feed 
flow rate cati he easily controlled during the operation; hence, 
variation of thic parameter is unlikely. Uncontrolled changes 
of feed temperature, furnace and steam generator duties, and 
FEHE efficiency are more probable. In the previous studies 
the feed tcmpcrature was chosen as reference (7 = T,,), be- 
coming part of  several dimensionless numbers. In this way, 
the dimensionless feed temperature was set to zero (0,  = 0). 
Whcn studying the steady-state behavior with feed tempera- 
ture as a variable, only one dimensionless parameter must be 
dependent on it ;  hence, T = T,, is not a good choice. 

If we considcr isothermal operation of a fixed-size PFR. 
the reactant IS almost completely converted ( X  = 99.33%) for 
Da = - In( 1 - X 1 = 5. We choose the corresponding reaction 
temperature as a reference. This is not restrictive. The reac- 
tor can he sked when the reactor inlet temperature, desired 
conversion, reaction kinetics, and thermodynamics are known; 

1 

0.8 

0.6 

X 

0.4 

0.2 

0.13 0.14 0.15 0.16 0.17 0.18 

Qh 

Figure 2. Conversion vs. furnace duty for different val- 
ues of NTU. 
L h  = 5. y = 5 ,  B = 0.07, 0,) = - 0.6, Q, = 0.15. M ,  = A t ,  = 
0.75. M,, = M, = 0.2, Le = 2,000. Continuous lines represent 
\tahlc stzady state. Dashed lines represent unstable steady 
hlate\. Bold lines are the loci of fold and Hopf bifurcations. 
Points C,  DH, DZ, I ,  and BL, corresponds to cusp, double- 
Hopt. double-zero, isola. and boundary-limit bifurcations. 
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hence, the residence time is known. Then the reference tem- 
perature T ,  for which Da = 5 ,  can be calculated and used for 
dimensionless numbers. This way, changes of furnace or 
stream-generator duty, feed temperature and concentration, 
FEHE efficiency are reflected by independent changes of the 
model parameters: Qh, Q,, 0,, B,  and E ,  respectively. Heisz- 
wolf and Fortuin (1997) and Chen and Luss (1989) used a 
similar procedure setting y = 2.5 and Da = I .  respectively. 

To study the influence of flow rate on steady-state multi- 
plicity and stability, its change must be concentrated in one 
parameter. This can be achieved by introducing new dimen- 
sionless variables: 

( 3 )  

(4) 

and replacing NTU, Q,,, and Q, in Eq. 1 by Da * H ,  Da - H,,, 
and Da . H,, respectively. 

The steady-state model is obtained by dropping the time 
derivatives in Eq. 1. After analytical integration of the FEHE, 
furnace, and steam-generator equations, the following 
boundary-value problem is obtained: 

where 

NTU 
1 + NTU 

E = -  

is the FEHE efficiency. 
The reactor conversion is given by 

0,((J) = 0, (hb) 

( 7) 

Equation 6 may be solved by a shooting technique: start 
with an initial guess for O , ( O ) ,  integrate to find 0,(1), check 
the boundary condition, and update O,(O> (for example, by 
the Newton method). This way, the problem is reduced to 
one algebraic equation with one state variable (reactor input 
temperature) for which we can apply the singularity theory of 
a single state variable (Golubitsky and Schaeffer, 198.5). 

The S-shaped curves (bifurcation diagrams) in Figure 2 rep- 
resent the conversion vs. furnace duty (hifircation uariable), 
for a given set of values of Da, y ,  B,  Q,,  00 ,  M , ,  M,, M , ,  
M, ,  and Le. Each curve is associated with a fixed value of 
NTU. The number of possible steady states changes at fold 
bifircatzonpoints. The upper and lower branches of the fold 
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curve correspond to reaction extinction and ignitiorr, respcc- 
lively. The qualitative shape of the bifurcation diagram 
changes when the second parameter (NTU) is varied. At the 
cusp point (C) two fold points appear or disappear and the 
number of steady states changes by two. The locus of cusp 
points is callcd hystercsis uariefy. Note that if the furnacc duty 
is fixed to QIl = 0.145 (point I), the conversion does not dc- 
pend on NTU. This corresponds to an isolu bifurcation when 
NTU (or E )  is taken as the bifurcation parameter. When thc 
NTU parametcr has very large values (NTU +z, t - I )  thc 
bifurcation paramcter on the ignition and extinction branches 
reaches the asymptotic values Q,, = 0.15 and Q,, = 0.08 (not 
shown in Figure 2). respcctively. Thcy are callcd horriirkri?,- 

h i t  yobit;\ (BL). For a first-order reaction, the heat-in- 
tegratcd PFR exhibits at most three steady states; hence, the 
double-limit varicty (where the qualitative nature of the hifur- 
cation diagram may also changc) does not exist. 

When multiple steady states exist. the middle onc is always 
unstablc (dashed line). A steady state may also become u n -  
stable at a Hopf hifirrcritionpoint. Here a branch of oscillating 
solution arises. When a second parameter is varied, the num- 
ber of Hopf bifurcation points may changc. At the rloirhle- 
Hopf (DH) hifurcation point two Hopf bifurcation points ap- 
pear or disappear. At the doirhle-zero (DZ) hifurcation point. 
a Hopf bifurcation point appears or disappears. 

Details of the bifurcation points computation arc pre- 
sentcd in thc Appendix. 

Steady-State Behavior 

In this study wc considered two cases. 
First. we used as bifurcation paramcter: 

It represents the system energy input and captures the in- 
fluence of feed temperature. furnace, and steam-generator 
duties on the steady state. Note that O , , ,  (I,(. and Q, appear 
coupled as (2 in  the steady-state cquation (Eq. 6). and they 
do not appear in the bifurcation equations (Eqs. A7 and AlO). 

A pitchfork bifurcation was identified. I t  corresponds to a n  
isola bifurcation of the fold-points locus and dividcs thc E - B 
plane into two regions (Figure 3). 

I f  the reaction is highly exothermic or the FEHE is very 
cfficicnt (at the right of the pitchfork line), state multiplicity 
is possible irrespective of the value of the reaction activation 
energy. Otherwise (at the left of pitchfork line). state multi- 
plicity is possible only for high or low activation energy. 

Figure 4 presents a cross section of the hystercsis variety in 
( y - B )  plane, for different values o f  the FEHE cfficiency. 
For fixed E .  multiple steady states are possible at the right o f  
thc hysteresis line. For fixed activation energy. an increasc of 
either the FEHE efficiency or adiabatic temperature rise 
leads to multiplicity. The unicity region is largcr for intcrme- 
diate activation energies. 

Second, we considered the FEHE efficiency ( E )  as bifurca- 
tion parameter. In this case, no other parameters may de- 
pend on it. Hence fl,,, Q,!, and Q,. may not be couplcd as Q, 
and their effect must be investigated separately. 

The steady-state behavior is more complicated. In addition 
to the hysteresis variety, one isola and two boundary-limit 
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0 I I 
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Figure 3. Pitchfork bifurcation. 
At Ihc right 01 pitchlork hil i ircation. multiple steady \iate\  
cl lc  po\siihlc irrcspcctivc o f  ttic \.;due u f  x t i \ : i t i o n  cncrgy. 
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Figure 4. Cross section of the hysteresis variety in 

( y - B )  plane for different values of FEHE effi- 
ciency. 
For t ixcd E mult ip lc \ic,id\ \ t r i t L \  ‘iri pos\ible ‘it t h i  r ight  
ot t iv\tercw I inc 
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Figure 5. Phase diagram of heat-integrated PFR with 
FEHE efficiency as the bifurcation parameter. 
/ ) ( I  7 5 .  y 7 10, B = 0.2, O,,= -0.4. (‘ = c u s p :  I = isola; BL 
= Ihoundar). limit. The diffcrcnt typcs 01 bifurcation dia- 

g a i n \  existing in regions I--VIII are presented in Figure 6. 

varietics cxist. Figure 5 presents a typical phase diagram in 
the ( Q ,  . Q,,) space. The hysteresis and boundary-limit vari- 
eties are described by the following equations: 

where E ”  and Q* correspond to the cusp bifurcation. 
The isola variety approaches asymptotically the BL, and 

BL, varieties. This observation together with Eqs. 10-12 can 
bc uscd t o  sketch the phase diagram. The isola and hysteresis 
varieties intersect at a pitchfork bifurcation point. 

These singularities divide the parameter space into eight 
regions where qualitatively different bifurcation diagrams ex- 
ist (they are presented in Figure 6). In region I there is a 
unique steady state. Crossing the hysteresis variety to region 
11, two fold points appear and state multiplicity is possible. 
When the B L ,  variety is crossed to region Ill, a low-conver- 
sion isolated branch appears and the multiplicity pattern be- 
comes 1-3-1-3. The two branches coalesce when the isola is 
intcrsccted and two fold points disappear. Hence, in region 
IV, a low conversion branch exists for all values of FEHE 
efficiency, while high conversion is possible only for high val- 
ues of the E parameters. When moving to regions V or VII, 
the high conversion branch disappears (at BL,), or multiple 
states appear on the low-conversion branch (at hysteresis), 
respectively. From region VII, the high conversion branch 
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disappears at BL, (region VI), or the two branches coalesce 
at isola (region VIII). 

Note that isolatcd branches exist between the B L ,  and BL, 
varieties. 

Dynamic Behavior 
Dynamic classification involves dividing thc parameter 

space into regions where a different number of  Hopf bifurca- 
tion points exist. Due to the large number of paramcters. a 
complete classification is difficult. We consider the encrgy 
input as the bifurcation parameter and restrict our analysis to 
the influence of the dimensionless adiabatic tcmpcrature rise. 
We focus on high values of  the FEHE efficiency, and thus, 
high tube and shell residence times. We consider a catalytic 
reactor because its “wrong-way” behavior is the cause of os- 
cillations (and hence, of Hopf bifurcations). This is reflected 
in the large value of Le. 

The wrong-way behavior of packed-bed reactors has been 
demonstrated by Mehta et al. (1981), who used the plug-flow 
pseudohomogeneous model. Pinjala et al. (1988) and Chen 
and Luss (1989) added more complexity. They showed that 
models including axial dispersion and/or heterogeneity ( 1) 
account for state multiplicity inside the reactor. and (2) pre- 
dict smaller and slower temperature peaks. The first matter 
is usually avoided in practice by the reactor design, however, 
and the second item does not change the qualitative transient 
behavior. Besides, the heat-integrated PFR becomes a two- 
state-uariables problem when heterogeneity or axial disper- 
sion is included; thus, the classification methodology is not 

0 1 0  1 

Figure 6. Conversion vs. FEHE efficiency bifurcation di- 
agrams. 
Diagram5 I-VIII cor rerpond to region\ I - \  I l l  111 Figure 5 
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Figure 7. Phase diagram of the heat-integrated PFR with 
energy input as bifurcation parameter. 
Da = 5 ,  y = 5 .  M, = /Lf> = 11.7.5, M,, = ifft = 0.2. Lc =- 2,~l(ll).  
C = cusp: DH = douhlc Hopf; DZ = double zero. T h c  dil- 
fercnt types of bifurcation diagrams cxi\tiiig in regions l - V I  
are presented in Figure 8. 

applicable. For these reasons, the use of the plug-flow pscu- 
dohomogeneous model is adequate for the purpose of this 
work. The more complex models are the subject of future 
research. 

A typical phase diagram is presented in Figure 7. The dou- 
ble-zero locus is tangential to the cusp locus. The double Hopf 
intersects the double zero at a bifurcation point of ccxiinicn- 
sion 3. The ( E - ! ? )  space is divided into six regions where 
different types of bifurcation diagrams exist. The bifurcation 
diagrams of conversion vs. cnergy input are presented in Fig- 
ure 8. In region I, one stable steady state exists. After cross- 
ing the double-Hopf locus, two Hopf points appear. I n  be- 
tween, no stable steady state exists and the system exhibits 
oscillatory behavior. When the hysteresis variety is crossed. 
two fold points appear. Therefore, in region 111 there are 
multiple steady states. Oscillatory behavior is possible on both 
the ignited and extinguished branches. In region IV, one Hopf 
point disappears after crossing the double-zero locus. In re- 
gion v, a second Hopf point appears on the ignited branch. 
They both disappear when the double-Hopf variety is crossed; 
thus, in region VI steady-state multiplicity is possible hut not 
the oscillatory behavior. 

Note that the phase diagram may change (the double-zero 
and double-Hopf loci do not intersect) when a third parame- 
ter is varied. 

[ t  is expected that the steady-state and dynamic behavior 
of the heat-integrated PFR will change when a control sys- 
tem (for example, manipulating furnace duty to control rcac- 
tor input temperature) is present. In addition, we expect more 
complicated phase diagrams when more detailed models are 

Figure 8. Conversion vs. energy input bifurcation dia- 
grams. 
l l i a p i i i \  1-Vi cori-c\poiid rcgioti\ i -\'I :n Flgurc 7 .  
0 = fuld poiiit: i7 = HqiE point 

used for the turnacc and $team generator (for ex'imple, with 
burn gas and cooling water temperature5 as paramcteis. in- 
5tead of furnace and steam-generator duties). 

Design Procedure for the Heat-Integrated PFR 
In this acctioii we propose a design methodoloby for the 

heat-integrated PFK. Wc are not concerned with detailed siz- 
ing uf the equipment. We are interested i n  the values of 
FEHE efficiency. furnace, and cooler duties. Thesc can be 
obtained by optimization according l o  economic criteria. but 
certain restrictions arise when multiplicity. sensitivity. and 
stability arc considercd. 

We propose the following design procedure for the heat- 
integrated PFR: 

S t c p  0. Initial data: feed flow rate and concentration: rc- 
actor inlet temperature; conversion; reactor type (catalytic or 
empty tube); reaction kinetics and thermodynamics. 

Sfcp 1. Size the reactor based on adiabatic PFR equa- 
tions. 

Step 2. Choose the reference temperature. I t  is chosen 
such that Da = 5, Figures 3 and 4 can be used during Step 3. 
Calculate thc dimensionless activation energy and adiabatic 
temperature rise. 

Step 3. Select the FEHE, based on the folluwing observa- 
tions: 

When the hcat-integrated PFR is designed for low con- 
version, the hysteresis variety is 21 conservative boundary 
against runaway (Balakotaiah et al.. 1995; Patil et al.. 1997). 
In  this case, Figure 4 can be used to sclect FEHE efficiency 
so the (y, B )  point is in the unicity region. 

When the system is designed for middle or high conver- 
sion, autothermal operation may be of interest. This is possi- 
ble only when an ignited state exists. In this case, the (y, R )  
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point must be in the multiplicity region of Figure 4. The ex- 
tinction point gibes the minimum energy input required. 

Close t u  the hysteresis variety the system is very sensitive 
to change of tccd temperature, furnace, and cooler duties. 

The energy input is given by: 

Siep 4. St:ibility issues: the middle operating point is al- 
ways unstable. Thc other operating points may be stable or 
unstable. Dynamic simulation may be used to assess the sta- 
bility, but no information about the extent of the stability re- 
gion will bc obtained. We recommend computing the Hopf 
bifurcation points (which are on the boundary of thc oscilla- 
tory behavior region) in order to find possible instability near 
the operating point. Note that working at an unstable operat- 
ing point is not ,  by itself, unattractive. as a temperature con- 
trollei- may stabilize the system. Loss of stability due to dis- 
turbances or design-parameter uncertainty is dangerous. If 
the dynamic behavior is not satisfactory, the design must be 
changed. The following observations should be considered: 

The whole ignited branch (high conversion) is stable (re- 
gion VI in Fipure 7 )  only for a small range of model parame- 
ters. A domain of oscillatory behavior bounded by Hopf and 
extinction points (regions 111 and IV) is very likely. In this 
case, increasing the energy input will stabilize the system, 
without significant change of conversion. If the heat of reac- 
t ion  is small. two Hopf points may bind the oscillation do- 
main (region V). I n  this case, decreasing the energy input 
may a l so  stabilize the system. This solutior? may be undesir- 
able, as the operating point will move closer to the extinction 
point. Also, thc change of the conversion will be more impor- 
tant. 

If the system is designed in the unicity region, oscilla- 
tions are likcly for highly exothermic reactions. especially at 
intermediate conversion (region 11 in Figure 5).  In this case, 
decreasing the FEHE efficiency will ensure a stable and 
unique operating point. 

If no solution can be found, thcn some of the initial data 
have to be modified. 

Step 5 .  Choose feed-temperature, furnace, and steam- 
generator duties. When the FEHE efficiency is constant, the 
bifurcation behavior depends only on the energy input (0) 
and does not depend on the distribution of the energy input 
between feed-temperature, furnace, and steam-generator du- 
ties. Consequently, these variables can be linked to plant en- 
ergy balance, site integration, combined heat and power pro- 
duction, or low equipment cost considerations. To prevent 
operational problems due to isolated branches when FEHE 
efficiency may change, operation in region I or I1 of Figure 5 
should bc preferred. As these regions are at the left of the 
BL,  line, the following condition must be fulfilled: 

Note thn! the ranges for furnace and steam-generator du- 
ties decrease when the FEHE efficiency increases. 

We shall illustrate the proposed methodology by three dif- 
ferent rcaction systems. The first one, propylene chlorina- 
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Table 1. Design Results for Three Heat-Integrated 
PFR Systems* 

Propylene Benzene Catalytic 
Chlorination Hydrodealkylation Reaction 

T ,  
x 

Requirements 

tll 
T (for which 
Du = 5) 
Y 
B 
H,I 
02 
<': 

Q* 
Multiplicity 

Stability 

3 . 4 1 7 ~ 1 0 ~  7.36X 10"' 8.67X10- '  
h3.070 

170 
Homogeneous 

300 
5 73 

0.995 
Autothermal 

operation 
7.57 
700 

10.87 
0.243 

- 0.57 
-0.181 

0.21 
- 0.192 

Multiple steady 
states if t > 0.3. 

Q < -0.155 
No oscillatory 

behavior is 
expected 

142,870 
70 

Homogeneous 
300 
910 
0.75 

Autothermal 
operation 

34.6 
072 

41,330 
70 

Cdtalytic 
300 
700 
0.53 

Unique, stable 
operating point 

25 
I.000 

35 5 
0.072 0.7 

- 0.69 ~ 0.7 
- 0.0h2 - 0.3 

0.288 0.78 
- O.0609 - 0.0947 

Multiple steady Statc unicity 
states if E > 0.35. if t < 0.7, 

Q < 0.058 
Unstable Unicity does not 
operating ensurc stability 

g > 0.110 

point 
FEHE efficiency = 0.5 t = 0.6 E = 0.5 
No isolated Q, < 0.147 a, < 0.547 Q, < 0.344 

branches 

*The required uni ts  arc given in the  No ta t ion  section 

tion, is highly exothermic with moderate activaticn energy. 
Smith (1970) gives kinetic parameters. With excess propyl- 
ene, the reaction can be considered first order. The second 
system involves a mild exothermic reaction with high activa- 
tion energy: toluene hydrodealkylation (Douglas, 1988). The 
third system is a catalytic reaction with intermediate heat ef- 
fect and low activation energy. Table 1 contains the initial 
data and the results. 

Both kinetic (k , ,  and E,) and thermodynamic data (ATdd) 
are known. Design specifications are expressed as feed tem- 
perature (To),  reactor inlet temperature (T,), and desired 
conversion ( X ) .  In the first two cases, we require autother- 
ma1 operation (defined by the existence of an ignited state 
for some range of operating variables). In the last case, we 
require a unique, stable operating point. 

First, we design the reactor using the adiabatic PFR equa- 
tions. This gives the residence time (t,,). Now we can calcu- 
late the reference temperature (for which Du = 5 )  and use it 
for dimensionless parameters. We mention that the dimen- 
sionless activation energy is high for the second reaction ( y  
= 35) and low for the third one ( y  = 5).  Also, the dimension- 
less temperature rise correctly indicates that the first reac- 
tion is highly exothermic ( B  = 0.243). Consequently, the pro- 
posed choice of the reference temperature gave meaningful 
results. 

To get state unicity (multiplicity) we might calculate the 
FEHE efficiency at the cusp bifurcation ( E * )  and choose a 
lower (higher) value. Alternatively, we can simply use Figure 
4 to place the ( B ,  y )  point in the desired region. 
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Next, we consider stability issues. For noncatalytic rcac- 
tions (first system), the high conversion branch is stable and 
no oscillatory behavior is expected. The second system must 
be operated on the middle branch. which is always unstable: 
hcncc. a stabilizing controller must be installed. For catalytic 
reactions (third system), unicity docs not ensure stability. Fig- 
ure 7 suggests that FEHE efficiency must be furthcr de- 
creased to ensure stable operation (region I). 

After the stability was taken into account, we may choosc 
the FEHE efficicncy and use Eq. 13 to calculate the system 
energy input. 

Finally, we must divide the energy input hctwecn feed- 
tcmpcrature. furnace. and steam-generator duties. Isolatcd 
branches for varying FEHE efficiency arc undcsirable. To 
avoid them, we usc Eqs. 10-12 to draw diagrams similar to 
Figure 4, and place the operating point in region I .  

Conclusions 
In this article. we analyzed the relation betwtxn the rcac- 

tion characteristics, design, and state multiplicity and stability 
of the heat-integrated PFR. We considered a first-order. irrc- 
versible. exothermic reaction. 

First, thc cncrgy input was considered ;IS the bifurcation 
parameter. It captures the influence of the feed-temperature. 
furnace, and steam-generator dutics on  t h e  state multiplicity 
and stability. The hysteresis, double-zero. and double-Hopf 
bifurcation points were used to classify the steady-state and 
dynamic behavior of the system. The parameter space is di- 
vided into six regions, corresponding to diffcrcnt types of bi- 
furcation diagrams. State multiplicity is likely for very 
exothermic reactions or high FEHE efficiency. irrespective of 
the activation energy. The heat-integratcd PFR may exhibit 
oscillatory behavior for realistic values of model parameters. 

Subramanian and Balakotaiah (1996) obtained similar 
phase diagrams for different adiabatic reactor models, when 
the Damkohler number was considered to be the bifurcation 
parameter. However, these systems do not exhibit oscillatory 
behavior for practical values of model parameters. 

Second, the FEHE efficiency was chosen as the bifurcation 
parameter. The hysteresis, isola, and boundary limit varieties 
were used to classify the steady-state behavior. The paramc- 
ter space is divided into eight regions where qualitative. dif- 
ferent bifurcation diagrams exist. State multiplicity and iso- 
lated branches are now possible. 

A systemic design procedure was proposed. We found that 
the selection of FEHE efficiency is the critical step to achiev- 
ing the desired state multiplicity and ensure stability. When 
fccd-temperature, furnace, and steam-generator dutics are 
the changing variables, multiplicity, and stability are not af- 
fected by the partition of energy input between these vari- 
ables. Consequently, the heat equipment may be designed 
based on plant energy balance, site integration, combined 
heat and power production, or lowest equipment cost. Ccr- 
tain restrictions arise, however, when a change o f  FEHE effi- 
ciency is taken into account. The procedure was applied to 
three reaction systems with different kinetic and thermody- 
namic characteristics. 

The approach we presented can bc applied t o  other equip- 
mcnt arrangements as well as to more complex reaction sys- 

tems. Also, more accurate models o f  the furnace. steam gen- 
erator, and catalytic reactor can be considered. 
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Notation 
4 I = FEI IE area, 111' 

= specific heat, J/kg.K 
= activ;ition energy. J/kniol 
= niiiss flow ratc, kg/s 

I - .  , - 1e;iction constant, s 
L = length. in 

K ,  = FEHE heat-transfer cocfficicnt. W/ni'- K ' 
Le = Leuis numher, dimensionlex\ 

€ 1 1  i'1i C,' / I  

qi = duty ( h  = 11, c,) ,  J/s 

I - E l f  ~J,I",>. \ /  =I+--- 

NTU = nunihcr of transfer units. dimensionless 
= ( K ,  ,'I / "./2 

Qr = duty ( k  / I ,  c) .  dimensionle\i 
= qi,A Fc,, T )  

/ I .  i:  = eigenfunctions 
K = ga\ constant. .I/kmol. K 

2 = axial coordinate. in 
V =  reactor volume. m,' 
E =  FEHE efficiency 
A = eigenvalue 
p = dcnG ty. kg/iii.' 
T =  time. dimensionless 

[= axial coordinate, dimensionlcss 
= V[,l 

= :/L 

Subscripts 
.A/'= solid phase 
f / =  fluid phase 
h = feasibility boundary 
1 = luriiace inlet 
.3 = reactor outlet 
4 = steam generator outlet 
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Appendix: Bifurcation Points Computation 
The cquations describing the dynamic behavior of the 

heat-intcgratcd PFR can be written in the following con- 
denscd form: 

where J' is the vector of model variables; C is a diagonal 
capacity matrix: f ( y )  is a nonlinear function; p is the bifurca- 
tion parainctcr: p is the vector of remaining parameters; A 
and B arc constant matrices; and c is a constant vector. 

Its steady-statc solution is given by the boundary-value 
problem: 

When t:q A1 is linearized around steady state, and the 
5cparation of variables is applied, the following eigenvalue 
problem 15 oht,iined: 

d( CL + LU)  
((A,+ A - / ) ( u + I u ) = -  + ~ ; ( u + I u )  (A3) 

dE 

where 

At fold points, one real cigenvalue crosses the imaginary 
axis. Substitution o f  A ,  = A2 = 0 in Eq. A3 and identification 

of real and imaginary parts gives 

- = f ; 1 1 .  du 

d t  
( A h )  

with the boundary condition 

The eigenfunctions can be determined up to a nwltiplica- 
tive constant. Hence u(0) may be given an arbitrary value. 
We have two equations for two unknowns: the state variable 
y and the bifurcation parameter p. Shooting technique is 
available as solution method. 

For the heat-intcgrated PFR, the FEHE, furnace. and 
steam-generator differential equations defining the fold 
points may be integrated analytically, to give 

E - LI, ( 1 ) - 11, (0) = 0. (A6b) 

The fold bifurcation points of the heat-integrated PFR were 
found by solving the boundary-value problem defincd by Eqs. 
6 and A6. 

The computation of the cusp points (hysteresis variety) is 
based on the following observation: the loci of the ignition 
and extinction points meet at the cusp point. 

For the case of one algebraic equation (Ey. 6) with one 
state variable ( y  = Or(0)), the defining condition for the isola 
variety is 

Subramanian and Balakotaiah (1996) showed how to com- 
pute the isola variety in distributed parameter systems. How- 
ever, we used a simpler approach: at the isola point, the fold 
locus has a local extremc. Note that all the steady solutions 
corresponding to varying NTU (or E )  pass through point I in 
Figure 2. Consequently, this point satisfies Eq. A7 if NTU (or 
E )  is considered as a bifurcation parameter. 

If the fold point is located at a feasibility boundary. we 
speak about a boundaT-limit point, defined by 

State multiplicity is possible for nonzero values of the 
FEHE efficiency ( E ) .  When this parameter approaches thc 
limit E = I ,  the conversion at the ignition and extinction points 
goes toward X = 0 and X = I ,  respectively. In these cases, 

AlChE Journal December 1998 Vol. 44, No. 12 271 1 



the heat balance equations (Eqs. 6b and 8) reduce to Eqs. 1 1  
and 12. 

At Hopf bifurcation points, a pair ot complcs cigenvalucs 
crosses the imaginary axis. Substitution of A ,  = 0 in Eq. A3 
and identification o f  real and imaginary parts gives 

with the boundary conditions 

AL((0) + Bu( 1) = 0 
A @ )  + Bu( 1) = 0. 

(A%) 

Because the eigenfunctions arc determined up to a multi- 
plicative constant. initial values r d O )  and u(0) niay be fixed. 
so the eigenvaluc A 2  and the bifurcation parameter can be 
found by using a shooting method. 

The loci of Hopf and fold bifurcation points meet at a dou- 
ble zero, and the locus of Hopf points has an extreme at a 
double-Hopf bifurcation. Tracing the locus of Hopf points 
required the main computing effort. The local parametrizn- 
tion technique (Seydel and Hlavacek. 1987) with secant pre- 
dictor worked well (only the tcniperatures O,(O),  H,,(O), H,(O), 
and O,.(O) were admitted as local parameters). A significant 
reduction of computing time was achieved by using the Broy- 
den method (instead of Newton) as a corrector. The step- 
length control strategy recoinmcnded by Seydcl (1 984) was 
used. 

2712 December 1998 Vol. 44, No. 12 AIChE Journal 


